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A minimax theorem is proved which generalizes Ptik’s combinatorial lemma 
(Czechoslocak Math. f. 84 (1959). 629-630: Proc. Symp. Pure hlath. 1 (1963 J. 
437--150). 
1. THE DOUBLE LIMIT CONDITION 
In the following, let X and Y be nonvoid sets and let 
a:Xx Y- [-aAM], ME IF’, 
6:Xx Y+ [N,+ooJ. NE P. 
(1) 
functions on the Cartesian product XX Y into the extended reals. If for 
sequences (x,~) in X and (J,,,) in Y 
lim sup lim infa(x 
n + ni 
m, y,) < lim inf lim sup b(~,,~. I’,,) 
,” + 7c m-a II - % 
holds, then (X, Y. a. b) is said to satisfy the “double limit condition” (DLC 
for short). 
Remark. Here (X, Y, a, 6) satisfies the DLC iff for all sequences (x,) in 
X and (y,,) in Y 
lim lim a(~,, ~3,) < lim lim b(x,. JI,,) 
n - ‘K m - 35 m-s n-x 
holds whenever the (extended real) iterated limits exist. (By the diagonal 
process, from all sequences (x,) and (JJ,) we can select subsequences (x,,,,) 
and (y,,) such that the iterated limits a = lim,,,z lim,,, a(~,,,~. y,,) and ,8 = 
lim k+mlim,d, b(x mk, J-,,) exist and that lim supn+-,. lim inf, _ ~ a(~,,,. J,,) < u 
and lim inf,,,-, lim sup,, % b(x,, y,,) > p holds.) 
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EXAMPLE 1. If (X, Y, a, a) satisfies the DLC (sufficient conditions for 
this special case can be found in [2,3]), then so does every (X. Y, a, b) with 
b > a. In particular, the DLC holds if X or Y is finite and if b > a holds. 
EXAMPLE 2. Let X and Y be countably compact topological spaces. 
Assume that 
(i) x + a@, y) is continuous on X for every y E Y. 
(ii) y + a(x, y) is upper semicontinuous on Y for every .Y E X, 
(iii) y + b(x, y) is continuous on Y for every x E X. 
(iv) x+ b(x, y) is lower semicontinuous on X for every y E Y, 
(v) u(x, y) < b(x, y) for every x E X, y E Y. 
Then (X, Y, a, b) satisfies the DLC. 
Proof. Let (x,) and (4~“) be sequences with existing iterated limits cr = 
lim,_, lim,,, a(~,, y,) and p= lim,,, lim,,,, b(x,. y,,). Let x and y be 
accumulation points of these sequences. Then 
a = lim u(x, y,) < a(x, y) < b(x, y) < &nX b(x,, y) = /3. 
“-?c 
EXAMPLE 3. Let (ti be a nonvoid system of finite subsets of an infinite 
set Y. Then, for (8, Y, a, a) with u(G, y) = l,(y), exactly one of the 
following two conditions is true: 
(a) ((ti, Y, a, a) satisfies the DLC. 
(b) There exist sequences (G,) in 8 and (y,) in Y such that the y, are 
distinct and { y, ,..., y,} c G, for every m E kJ. 
ProoJ: Part (b) implies lC,(j~,,) = 1 for n < m E Ad, and for fixed m we 
have 1 c,( y,) = 0 eventually, i.e., (a) is violated. 
Conversely, if (a) is violated, then there exist sequences (G,) and (y,,) 
with 
lim l,,(y,) = 0 
n-cc 
for every m E R\J 
and 
lim lG,(y,)= 1 
m-cc 
for every n E R\J. (2) 
In particular, the set ( y,, y, ,... } must be infinite, and the y, may be assumed 
to be distinct. By (2) there exist natural numbers k, <k, < ..e such that 
y, E G, for every k > k,. Hence, we have ( y, ,..., ym} c Gkm for every m E N. 
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2. PI-AK'S LEMMA AND THE MAIN THEORIST 
Let P,- (P,) denote the set of all probability measures on X (I;) with finite 
support. We extend a and b on P,- x P, according to 
THEOREM. We have that (X, Y. a. b) satisfies the DLC if 
inf sup a(p, 9) < sup inf b( p. q) 
[IEP, PEP\ PEP, YCP, 
holds for all nontjoid subsets S c X and T c I’. 
The special case “a = 6” of this theorem has been proved by the author 
1 I, 3 1 as a generalization of a result of Young [ 7 I. Of course, the case “X 
finite and a = b” is von Neumann’s minimax theorem. Finally. we get Ptik’s 
combinatorial lemma as a special case. 
LEMMA 1 (Ptak ($6 1). Let @ be a nonvoid system of subsets of an 
infinite set Y. Then the following conditions are equivalent: 
(a) There is an infinite Tc Y such that 
inf sup q(G) > 0. 
qEP, (ielF, 
(b) There exist sequences (G,) in @ and (j-,,) in Y such that the .I’,, are 
distinct and ( y, ,.... J,,,} c G, for euery m E 14. 
If some G E 0 is infinite, then (a) and (b) are trivially satisfied. 
Otherwise, by Example 3, (b) is true iff (@, Y. a, a) with a(G. y) = l,(y) 
violates the DLC. By our theorem, this is equivalent to the existence of 
nonvoid subsets 8 c 8 and T c Y with infqep, suplleb q(H) > suppttSS infyE, 
K- gFEa p( (H}) l,(y) = y. In particular. T must be infinite and 
qEPr SUP~,~ q(G) > y = 0. Hence, (a) and (b) are equivalent. 
On the one hand, our theorem generalizes von Neumann’s minimax 
theorem as well as Ptik’s combinatorial lemma. On the other hand. as we 
shall see, it can be derived with the aid of these two results. 
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3. PROOF OF THE THEOREM 
For the proof of our theorem we need the following auxiliary results: 
LEMMA 2. We have that (X, Y, a, b) satisfies the DLC iff for every 
sequence (y,) in Y and for every e > 0 there exists a q E P,. T = ( y, , .v: ,... 1 
such that 
a(x, q) < lim sup b(x, y,,) + E for ecey x E X. (3) n-x 
ProoJ: Let (A’, Y, a, b) satisfy the DLC. If T is finite, then there exists a 
constant subsequence (y,,) = (1~) of (J*,,) and we get (3) for q = E,. If T is 
infinite, then we have 
for 
inf sup q(G(x)) = 0 
9EPT- XEX 
(4) 
G(x) = {J E T: 0. ~7) > liy+Fp b(x, J,) + c/2 1, .K E x. 
(For otherwise, by Lemma 1 there exist a sequence (x,) and a sequence of 
distinct t, E T such that 
It , ,..., t, I = G&J for every m E N\1; 
but this implies the existence of a subsequence (J’,,) with 




J,~) > lim inf lim sup b(x, , y,,,) m-x j-,x 
in contradiction to the DLC.) 
We may assume M= -N > 0 in (1). By (4) there exists a q E Pr such 
that q(G(x)) < &/4M for every x E X. Hence, for ?c E X we get 
a(x, q) - lim sup b(x, .I!,,) 
n-m 
< 2Mq(G(x)) + (c/2) q(T - G(x)) < E. 
The proof of the ‘if part is easy and will not be needed in the sequel. 
Hence, we omit it. 
LEMMA 3. If (X, Y, a, 6) satisfies the DLC, then so does (PX, Py, a, b). 
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Proof. We first show that (PA-, Y. a. b) satisfies the DLC: If not, then 
there exist sequences (p,) in Px and (~1,) in Y with existing iterated limits 
and an E > 0 such that 
lim a(~~, yr) - 2~ > lim lim b(p,, y,) =: P E IF, for every 1 E 111. (5) m-r3L m-ir n-a> 
Let S be the common support of the p,. By the diagonal process we may 
select a subsequence (.r,,,) such that lim,_, b(x, y,,) exists for every .Y E S. 
For T= ( Y,~,, yn, ,... } choose 4 E P, according to Lemma 2. Then 
4~~~ 4) < ii;- YP,, J,,) + e for every m E 1bJ. (6) + 
From (5) and (6) we conclude 
p < /II; U(P,, 4) - 25 GP - & 
in contradiction to E > 0 and p E IF. Applying the same procedure to the 
situation X’ = Y, Y’ = P,,. a’(~, p) = -b(p. y), and fr’(y, p) = -a(p, J) we 
get the assertion. 
LEMMA 4. For every E > 0 there exist sequences (p,) in P,- and (q,,) in 
P,. such that 
and 
inf sup a( p, q) < lim sup lim inf a( pm, q,,) + c 
4EP, PEP,\ n-cc rr-cx 
sup inf 6( p, 9) > lim inf liT->up 6( p,, q,) - E. 
PEPX 4EP) m-r, 
Proof: Choose p, E Px and q, E P,. arbitrarily. If PI, 9, ,..., Pk- I 3 qk- I 
are chosen, choose pk E Px and qk E P, such that 
tn:ir a(pk, qj) > zFfV meii ‘(p? si) - e (7) 
and 
Let X, (Yk) be the common support of the pi, i < k (qi, i < k). Then, we get 
from von Neumann’s minimax theorem (compare 14, Satz 1.2)) 
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and 
inf maxb(p,, 4) < sup inf bh4) 
qePy ick PePq qep, 
The assertion follows with (7) and (8). 
Now we are able to prove our theorem. 
Proof of the theorem. If the DLC is violated, then there exist sequences 
(x,) and (J,,) and real y, 6 with 
hm b(xk 1 .t’,) < y < 6 < hm a(x, ) J’,) for every k, 1 E N, 
n-cc m - x 
and we get 
sup inf 0, s> < Y < 6 < qiEnpTpsEup 4n 4) 
PEPS qEPT s 
for S= (x,,xz ,... } and T= (y,,y2 ,... }. The converse direction of the proof 
follows from Lemmas 3 and 4. 
4. CONCLUDING REMARK 
As has been shown already in [2.3] for the special case a = b. our 
theorem has a series of interesting consequences. In particular, problems of 
convergence, approximation, and compactness may be treated, but also game 
theoretic results may be derived from it. 
We intend to present further applications elsewhere. 
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